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Eendoogs steeg de Aap vun’n Boom
(Dat güng em wull to good),
trock sik Büx un Stevel an
un leep sietdem to Foot.
Nu weer he Mensch, bööt Füür an
un smurgel sik wat Kruut.
Denn strapaseer he sien Grips
un spikeleer wat ut.
He mook sik Äxt un Spier ut Steen.
He trock ut to’n Jogen
op Aanten, Haas un wilde Swien.
So kreeg he wat in’n Mogen.
He bu sik Huus un Hoff un Borg.
He woor klook un klöker,
flöög as’n Vogel dör de Luft.
Blot sien Welt kreeg Löcker.
He hett PS, he hett Atom.
He dröömt (as ik un du).
Wenn de Bööm fehlt un de Blööm...
Eendoogs frogt he: Wat nu?
Boy Lornsen: Eendoogs. Sinfunikunzert.
Quickborn-Verlag, 2007.
ii
Abstract
Recently, Motes et al. proposed in Phys. Rev. Lett. 114, 170802
(2015) a linear optics interferometer with N identical single photon
input states as a tool for sub-shot-noise phase estimation which does
not require NOON states sources. This thesis investigates how the
degree of distinguishability between the input photonic spectra affects
the interferometric phase sensitivity, by employing the results obtained
by Tamma and Laibacher in Phys. Rev. Lett. 114, 243601 (2015).
Remarkably, the obtained results show, that for small phases, the phase
sensitivity in the case of completely distinguishable photons is identical
to the one in the case of identical photons considered by Motes et
al. apart from a constant factor that is independent of the number
N of input photons. Consequently, multiphoton interference does not
provide in the scheme proposed by Motes et al. any sub-shot-noise
sensitivity for a large number N of photons.
iii
Contents
1. Introduction 1
2. Theoretical Foundations 2
2.1. Quantization of the Electromagnetic Field . . . . . . . . . . . . . . 2
2.2. The Photon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.3. Multi Photon Interference . . . . . . . . . . . . . . . . . . . . . . . 5
2.4. Entanglement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.5. Application of Interference in Metrology . . . . . . . . . . . . . . . 7
2.6. The Quantum Fourier Transform Interferometer . . . . . . . . . . . 8
2.7. Mathematical Formulae . . . . . . . . . . . . . . . . . . . . . . . . 11
3. Numerical Findings on the Influence of Distinguishability 12
3.1. Full Distinguishability . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2. Partial Distinguishability . . . . . . . . . . . . . . . . . . . . . . . . 15
4. Influence of Distinguishability in the Small Phase Approximation 17
4.1. QuFTI Matrix Elements for Small Phases . . . . . . . . . . . . . . 17
4.2. Full Indistinguishability . . . . . . . . . . . . . . . . . . . . . . . . 17
4.3. Full Distinguishability . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.4. Partial Distinguishability . . . . . . . . . . . . . . . . . . . . . . . . 20
4.5. Resulting Phase Sensitivities . . . . . . . . . . . . . . . . . . . . . . 22
5. Conclusions 23
A. Trigonometric Series 24
B. Calculations 26
B.1. P (U)n in the small angle approximation . . . . . . . . . . . . . . . . 26
B.2. Elements of U (n) in the small angle approximation . . . . . . . . . . 26
C. Mathematica Codes 28
List of Figures 31
List of Tables 31
Bibliography 32
Acknowledgements 33
iv
1
Introduction
The applications of interference and more recently quantum interference in metrol-
ogy measurements are numerous. However, approaches to super-sensitive mea-
surements with precision close to the Heisenberg limit, the fundamental barrier
for quantum optical metrology, have so far been reliant on the preparation of
highly entangled states that are extremely hard and resource intensive to produce.
In a recent paper [1] Motes et al. proposed an alternative to these approaches
by introducing the so called Quantum Fourier transform interferometer (QuFTI),
claimed to perform phase measurements with a precision close to the Heisenberg
limit while it only relies on the preparation of single-photon inputs, without the
need of entangled sources. The high fidelity supposedly arises naturally from the
interference of indistinguishable photons in the interferometer that generates a
high degree of entanglement.
In the presented thesis the QuFTI is examined in order to analyse, how the pre-
cision of the phase measurement is influenced by different degrees of distinguisha-
bility of the interferometer input. For this purpose a protocol recently introduced
by Vincenzo Tamma and Simon Laibacher [2] is used. The procedure allows the
description of multi-photon interference in arbitrary interferometers with an ar-
bitrary number of single input photons with arbitrary degree of overlap in the
photonic spectra.
In section 3 a numerical approach is employed to determine the sensitivity of the
QuFTI depending on the spectral overlap between the input photons. The ob-
tained results indicate that the sensitivity in the measurement of small phases
with a QuFTI is not influenced by the degree of distinguishability of the input
single photons for a large number n of photons. In the subsequent section 4 these
results are confirmed analytically. In particular, it is shown that the phase sen-
sitivities for completely distinguishable and completely indistinguishable photons
differ only by a constant factor, that is independent of the number n of input pho-
tons n. Therefore the presented work proves that multi-photon indistinguishability
and interference can not provide any sub-shot-noise sensitivity for large values of
n in the QuFTI interferometer proposed in [1].
1
2
Theoretical Foundations
The present chapter discusses the physical and mathematical foundations neces-
sary for the comprehension of the argumentation in this thesis. The basics of
quantum optics and the description of light in the quantum regime are introduced
starting from the electromagnetic field. Subsequently the quantum optical descrip-
tion of interference in passive linear interferometers and its possible applications
in metrology are discussed.
2.1. Quantization of the Electromagnetic Field
This section briefly discusses the quantized representation of the electromagnetic
field, starting from the classical model. The description is in principle based on
the derivations given in [4, 5]. In classical electrodynamics the electromagnetic
field is most generally described by the vector potential ~A and the scalar potential
Φ, that generate the electric field ~E and the magnetic field ~B according to
~E = −∇Φ− ∂
∂t
~A and ~B = ∇× ~A. (2.1)
For the description of the radiation field the Coulomb gauge with the gauge con-
dition ∇ · ~A = 0 is applied and the absence of charges and currents is assumed.
With this conditions Φ vanishes and the radiation is fully described by ~A, which
is expressed in the form of its modes. Each mode is defined by a wave vector ~k
and the polarization direction ~ekλ, where the index λ = 1, 2 denotes one of the
two possible polarizations orthogonal to the propagation direction. For simplicity
the description will be limited to one direction, such that one mode is sufficiently
described by the absolute value k = |~k| of the wave vector or alternatively by the
corresponding angular frequency ωk = kc, where c denotes the speed of light in
vacuum. With these quantities the vector potential is defined by
~A = ~A(~r, t) =
∑
k
2∑
λ=1
~ekλ
(
Akλe
−iωktei
~k~r + A∗kλe
iωkte−i
~k~r
)
(2.2)
where the factor Akλ and its complex conjugate are the expansion coefficients of
the given mode. The classical Hamiltonian H of the radiation field follows from
this description as [4]
H =
∑
kλ
V 0ω
2
kλ (AkλA
∗
kλ + A
∗
kλAkλ) =
∑
kλ
Hkλ. (2.3)
The volume V that appears in the Hamiltonian is the confining mode volume and
0 is the permittivity of free space. At this point a mode is considered to be bound
2
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to a one dimensional cavity of length L. Therefore V is the product of L and the
cross section A in the plane orthogonal to ~k. This confinement imposes a standing
wave condition on the modes in the cavity, allowing only k with k = 2pink/L and
nk ∈ N. In order to quantize the Hamiltonian Hkλ of a single mode the canonical
variables qkλ and pkλ are defined in terms of the coefficients Akλ and A∗kλ as
qkλ =
√
V 0(Akλ + A
∗
kλ) and ipkλ = ωk
√
V 0(Akλ − A∗kλ). (2.4)
This definition brings Hkλ into the form
Hkλ =
1
2
(p2kλ + ω
2
kq
2
kλ) (2.5)
that is now quantized and associated with the respective Hamilton operator Hˆkλ
by replacing qkλ and pkλ with the operators qˆkλ and pˆkλ, leading to
Hˆkλ =
1
2
(pˆ2kλ + ω
2
k qˆ
2
kλ). (2.6)
Hˆkλ is equal to the Hamilton operator of an one dimensional quantum mechanical
harmonic oscillator and it follows, that the eigenmodes of the quantized electro-
magnetic field can be described as harmonic oscillators with the same angular
frequency. For the further description of these modes it is convenient to introduce
the creation operator aˆ†kλ and the annihilation operator aˆkλ of the associated mode
kλ that are defined by
aˆkλ =
√
1
2~ωk
(ωk qˆkλ + i pˆkλ) and aˆ
†
kλ =
√
1
2~ωk
(ωk qˆkλ − i pˆkλ). (2.7)
aˆ†kλ and aˆkλ fulfil the commutation relation
[aˆk,λ, aˆ
†
k′,λ′ ] = aˆk,λ aˆ
†
k′,λ′ − aˆ†k′,λ′ aˆk,λ = δk′kδλ′,λ. (2.8)
Introducing the number operator nˆkλ = aˆ†kλ aˆkλ, Hˆkλ becomes
Hˆkλ =
~ωk
2
(aˆkλ aˆ
†
kλ + aˆ
†
kλ aˆkλ) = ~ωk(nˆkλ +
1
2
). (2.9)
2.2. The Photon
After establishing the quantized description of the electromagnetic field, the pho-
tons are now introduced as the quanta of this field. These quanta are excitations
of the eigenmodes or number states |nkλ〉 of the field, that fulfil the eigenvalue
relation
Hˆkλ |nkλ〉 = ~ωk(nˆkλ + 1
2
) |nkλ〉 = ~ωk(nkλ + 1
2
) |nkλ〉 . (2.10)
The defining eigenvalue nkλ is generally interpreted as the number of photons in the
mode [4, p. 133-138]. In this representation the lowest possible state, the vacuum
state |0〉, contains energy but no photons. This energy E0 = 12~ωk is known as
the zero point energy or vacuum energy. When discussing interferometers, the
zero point energy is the reason to consider inputs, that are in the vacuum state.
3
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Starting from the vacuum state, photons can be created or annihilated in a mode
by the action of aˆλk and aˆ†λk. The operators act according to
aˆkλ |nkλ〉 = √nkλ |nkλ − 1〉 and aˆ†kλ |nkλ〉 =
√
nkλ + 1 |nkλ + 1〉 (2.11)
on arbitrary number states. For the vacuum state the annihilation operator acts
according to aˆkλ |0kλ〉 = 0. General states |Ψkλ〉 of single modes are expressed as
linear superpositions of the number states or powers of the creation operator
|Ψkλ〉 =
∑
nkλ
αnkλ |nkλ〉 =
∑
nkλ
αnkλ
(aˆ†kλ)
nkλ
√
n!
|0〉 . (2.12)
Continuous Modes
The previously mentioned confinement to a one dimensional cavity only allows
a discrete mode spectrum. In free space this confinement doesn’t exist and the
resulting continuous spectrum can be derived by taking the limit L → ∞. In
this case, the distance ∆ω between two modes tends to 0 and the discrete mode
spectrum is converted into a continuous spectrum of modes. The discrete sum over
all modes further becomes an integral over the angular frequencies ω. The discrete
mode creation and annihilation operators are further replaced by the operators
aˆ(ω) and aˆ†(ω) of the continuous modes that follow from their discrete counterparts
by the relations
aˆkλ → ∆ω aˆ(ω) and aˆ†kλ → ∆ω aˆ†(ω). (2.13)
These operators obey commutation relations that read equivalent to eq. (2.8)
[aˆ(ω1), aˆ
†(ω2)] = δ(ω1 − ω2) and [aˆ(t1), aˆ†(t2)] = δ(t1 − t2). (2.14)
A given frequency distribution ξ(ω) now defines the wave package creation operator
aˆ†ξ that is given by
aˆ†ξ =
∫
dωξ(ω) aˆ†(ω). (2.15)
For most applications it is common to consider ξ(ω) to be a Gaussian distributions
of the form
ξ(ω) =
(
2τ 2
pi
) 1
4
exp
[−i(ω0 − ω)t0 − (ω0 − ω)2τ 2] (2.16)
with coherence time τ , emission time t0 and central frequency ω0 [4, p. 242f]. Al-
ternatively the temporal distribution χ can be used, which is the Fourier transform
of ξ. If ξ is Gaussian, χ is also Gaussian with
χ(t) =
(
1
2piτ 2
)1/4
exp
[
−(t− t0)
2
4τ 2
− iω0t
]
. (2.17)
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Figure 2.1.: A general passive linear interferometer, described by a unitary matrix
U . The interferometer is fed with N single input photons in a subset
S of all M input ports. They can be detected in any possible sample
D of the M output ports. For each output sample D and input con-
figuration S, the evolution in the interferometer is fully described by
the submatrix U (D,S) [2].
In [2] Vincenzo Tamma and Simon Laibacher develop a general approach to de-
scribe multi-photon interference in arbitrary passive linear interferometers with
single-photon input. In the following the results of this paper are outlined in or-
der to apply them in the course of the work to the Quantum Fourier transform
interferometer, which will be introduced shortly.
A passive linear interferometer with M inputs and M outputs, that is represented
by figure 2.1, is described by a M ×M matrix U . In the following single photon
inputs in a subset S of order N < M are considered, each of which is described
by a corresponding frequency distributions ξs(ω). The polarizations are not taken
into account, as all inputs are assumed to be polarized in the same direction. The
input state of the interferometer is now the tensor product over all inputs s.
|S〉 =
⊗
s∈S
|1[ξs]〉s
⊗
s/∈S
|0〉s , (2.18)
where the states |1[ξs]〉 are
|1[ξs]〉 =
∑
λ=1,2
∞∫
0
dωξs(ω) aˆ
†
s,λ(ω) |0〉s (2.19)
in accordance with eq. (2.15). The output after the evolution in the interferometer
is a subsetD containingN of allM outputs. Now only the quantum paths connect-
ing the entrance sample and the exit sample must be considered and it is sufficient
to discuss the corresponding N × N submatrix U (D,S). Assuming narrow band-
widths of the entering photons and equal propagation times for all interferometer
path, the authors determine the N -photon probability rate G(D,S){td,~p} = |perT
(D,S)
{td} |2
with the matrices T (D,S){td} := [Ud,sχs(td)], that generally depend on the detection
5
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times {td}, d ∈ D of the interferometer output and the temporal distributions χs(t).
Quantum paths connecting the inputs and outputs are further shown to be indistin-
guishable for equal detection times and equal polarizations, although the entering
photons are not necessarily identical. Therefore even the paths of distinguishable
photons can interfere and path-distinguishability and photon-distinguishability
must be distinguished. For non-resolving measurements, that do not resolve the
detection times or the polarization, the authors derive the averaged probability
Pav(D;S) to detect N photons entering input ports in S in the output ports of D
as
Pav(D;S) =
∑
ρ∈ΩN
fρ(S)perA
(D,S)
ρ , (2.20)
using the definition of a permanent eq. (2.44) and defining the overlap factors
fρ(S) :=
∏
s∈S
+∞∫
−∞
dtχ∗s(t)χρ(s)(t) (2.21)
and the interference-type matrices
A(D,S)ρ = U
∗
d,sUd,ρ(s). (2.22)
The probability is called averaged as the non-resolved parameters are averaged
over the measurement interval. Two limiting scenarios for different degrees of
distinguishability are considered. First, if all quantum paths are distinguishable
all fρ but the one corresponding to ρ = 1 vanish. The only contributing matrix is
then T (D,S) = A(D,S)1 and the averaged probability PT (D;S) is accordingly
P (T )(D;S) = perT (D,S). (2.23)
For full path-indistinguishability, all fρ(S) are equal to 1 and the probability PU(D;S)
results in
P (U)(D;S) =
∑
ρ∈ΩN
∑
δ∈ΩN
∏
s∈S
U∗δ(s),sUδ(s),ρ(s) = |perU (D,S)|2. (2.24)
2.4. Entanglement
According to [7] entanglement is best described as a property of more two or more
quantum systems such that the state of one system cannot be regarded without
considering the other systems. A simple example, that also illustrates the schemes
of the previous section, is given by two single photons entering a lossless 50:50
beam splitter from two adjacent sides [8, 9]. The beam splitter is described by
UBS =
1√
2
(
1 i
−i −1
)
(2.25)
[4, p. 89-91]. With the tools introduced before, the probability Pav to detect one
photon per mode is
Pav =perT + f{2,1}perA{2,1} =
1
2
− 1
2
 +∞∫
−∞
dtχ∗1(t)χ2(t)
2 (2.26)
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according to eq. (2.20). Here {2, 1} describes the permutation that interchanges
the two indices. If we consider for example Gaussian distributions as given by
(2.17) with emission times t01 and t02, f{2,1} becomes
f{2,1} = exp
(
−∆t
2
1,2
4τ 2
)
(2.27)
with ∆t1,2 = t01 − t02. Pav is then
Pav =
1
2
− 1
2
exp
(
−∆t
2
1,2
4τ 2
)
. (2.28)
Figure 2.2.: Probability distribution for a two-fold detection event in a lossless
50:50 beam splitter, assuming single photon inputs with Gaussian
temporal distributions with variable emission times. The probabil-
ity is plotted over emission time difference ∆t1,2 = t01 − t02.
Figure (2.2) shows Pav as a function of ∆t1,2. For equal emission times the proba-
bility vanishes due to the quantum interference of the two possible paths and the
output state |D〉 is accordingly a superposition
|D〉 = |20〉+ |02〉√
2
(2.29)
of the two modes with 2 photons in one of the output ports.
If the system is in this state and one of the photons is measured in one of the output
ports, the other photon exit the same port. Therefore the state is entangled. If
the paths are fully distinguishable, the probability for a 2-fold detection is 1/2
as seen in the limit ∆t1,2 → ±∞ and the detection of one photon allows no
conclusion about the other photon. This basic example shows that entanglement
can be generated by quantum optical interference and consequently the magnitude
of distinguishability is directly linked to the magnitude of generated entanglement.
2.5. Application of Interference in Metrology
Quantum interference is a fundamental tool in metrology. The applications of the
resulting measurement techniques in science are multiple, the basic principle how-
ever is simple: A measurement that is based on interference comes down to the
7
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determination of a phase shift ϕ between different beams of light, that is caused
by some feature of the quantity to be measured. The quantity is then determined
from ϕ. Because of this relation, the precision of the phase estimation is directly
linked to the precision of the desired quantity.
The fundamental restrictions on the precision of metrology schemes follow from
the Heisenberg uncertainty relation[10]. For interference measurements the uncer-
tainty relation connects the phase sensitivity ∆ϕ with the fluctuations ∆N of the
photon number N as ∆ϕ∆N ≥ 1. The uncertainty ∆N is therefore a lower bound
for ∆ϕ according to ∆ϕ ≥ 1/∆N . For classical measurements the best feasible
fluctuation to photon number ratio is (∆N)2 ∝ 〈N〉, such that the lower bound
∆ϕSNL ≥ 1√〈N〉 . (2.30)
is the shot noise limit ∆ϕSNL [11]. For measurements that employ entanglement
and quantum interference, the final restriction to the precision is set by the Heisen-
berg limit ∆ϕHL corresponding to (∆N)2 ∝ 〈N〉2. The boundary then becomes
∆ϕHL ≥ 1〈N〉 . (2.31)
This is the reason to consider entanglement the most valuable resource for quan-
tum optical metrology.
2.6. The Quantum Fourier Transform
Interferometer
Figure 2.3.: Graphical representation of the QuFTI. The full interferometer is de-
scribed by the unitary matrix U = V ΦΘV † where Φ is an unknown
linear phase gradient to be measured. Θ is a second phase gradient
used for the calibration of the device and V and V † are the quantum
Fourier transformation and it’s hermitian conjugate [1].
An approach to sub-shotnoise measurements using only single photon inputs, was
recently proposed in [1]. The introduced quantum Fourier transform interferom-
eter (QuFTI) is described by a matrix U (n), that is based on a phase shifter Φ
8
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represented by a diagonal matrix in phase space. The elements of Φ are linearly
increasing phase shifts along the diagonal according to
Φj,k = δj,k exp[i(j − 1)ϕ]. (2.32)
Additionally another phase shifter Θ is defined similarly by the elements
Θj,k = δj,k exp[i(j − 1)θ], (2.33)
that is used for the calibration of the device by shifting the phase angle range
to the optimal measurement regime. The following discussion assumes the phase
angle ϕ to be already in the optimal regime. Therefore θ is set to zero and Θ is
the identity matrix. In order to describe the QuFTI in state space, the n-mode
quantum Fourier transformation is applied to Φ. This transformation is defined
by the matrix V with the elements
V
(n)
j,k =
1√
n
exp
(−2ijkpi
n
)
(2.34)
and its hermitian conjugate. The QuFTI matrix U (n) is then the matrix product
U (n) = V ΦΘV † = V ΦV † with the elements
U
(n)
j,k =
n∑
l=1
Vj,lΦl,lV
†
l,k =
n∑
l=1
1
n
exp
(−2ijlpi
n
)
exp[i(l − 1)ϕ] exp
(
2ilkpi
n
)
(2.45)
=
1− einϕ
n (e2ipi(j−k)/n − eiϕ) . (2.35)
The authors investigated the probability for measuring one photon per output in
the QuFTI given an input of n fully indistinguishable photons, each entering a
different port. In accordance with eq. (2.24), this probability is P = |perU (n)|2
and the uncertainty of the phase measurement follows from the uncertainty ∆P =√
P − P 2 of the probability as
∆ϕ =
√
P − P 2
|∂P
∂ϕ
| . (2.36)
using the Gaussian error propagation formula [13, p. 858].
The authors were able to detect a numerical pattern
perU (n) =
1
nn−1
n−1∏
j=1
[
jeinϕ + n− j] (2.37)
when calculating perU (n) for n up to 25. P (U)n was then derived as
P (U)n =
∣∣perU (n)∣∣2 = 1
n2n−2
n−1∏
j=1
[an(j) cos(nϕ) + bn(j)] (2.38)
with the factors an(j) = 2j(n − j) and bn(j) = n2 − 2nj + 2j2. In order to get
a measure for the magnitude of the phase sensitivity the approximation cos(ϕ) ≈
9
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1−1/2ϕ2 was applied to eq. (2.38) to calculate ∆ϕ for small phases ϕ. This yields
the probability
P =1− ϕ2n(n− 1)(n+ 1)
6
= 1− k(n)ϕ2 (2.39)
as derived in the appendix B.1 and ∆ϕ is
∆ϕ =
√
1− k(n)ϕ2 − 1 + 2k(n)ϕ2
2k(n)|ϕ| =
1
2
√
k(n)
=
√
3
n(n− 1)(n+ 1) . (2.40)
Figure 2.4.: Mach-Zehnder interferometer cascade (left) introduced in [1] with lin-
early increasing phase shifts, each fed with single photon inputs. As
one interrogation of a phase shift kϕ is equal to k interrogations of the
same phase shift ϕ, this setup is argued to be equivalent to a cascade
of Mach-Zehnder interferometer (right) with an increasing number of
input photons.
In order to construct a measure for the shot noise limit and the Heisenberg limit,
the authors derived these limits from a supposedly comparable classical setup,
consisting of a cascade of n two mode Mach-Zehnder interferometers with the
same linearly increasing phase shift sequence that is given by the phase shifter
Φ in eq. (2.32). Each Mach-Zehnder interferometer is then fed with a single
photon input into one entrance while the other entrance is in the vacuum state,
thus keeping the input photons from interfering. The authors further argue, that
one interrogation in an interferometer producing a phase shift of kϕ is equivalent
to k interrogations in one interferometer with a phase shift ϕ, which is argued
to be equivalent to k uncorrelated photons entering the same port of a single
interferometer. A graphical representation of the argumentation is given in figure
10
2.7. Mathematical Formulae
2.4. The number of interrogations Ni in the setup which is given by
Ni =
n−1∑
k=0
k
(2.47)
=
n(n− 1)
2
(2.41)
is transferred into an equivalent photon number N = Ni + 1, where the additional
photon is the input photon that does not interrogate a phase shift. The shot noise
limit is then defined by
∆ϕSNL =
√
1
n(n−1)
2
+ 1
=
√
2
n(n− 1) + 2 (2.42)
and the Heisenberg limit is defined as
∆ϕHL =
2
n(n− 1) + 2 . (2.43)
Therefore the authors argue that the precision of the QuFTI given in eq. (2.40)
beats the shotnoise limit.
2.7. Mathematical Formulae
Permanent [12, p. 1]
The permanent of a N ×N Matrix A is defined as
perA =
∑
σ∈ΩN
n∏
l=1
al,σ(l) (2.44)
in which ΩN is the symmetric group of order N that contains all possible permu-
tations σ of the set {1, 2, ..., n}.
Series Identities [13, p. 19]
a0
n∑
k=0
qk = a0
1− qn+1
1− q (2.45)
a0
n∑
k=0
k · qk = a0n · q
n+2 − (n+ 1)qn+1 + q
(q − 1)2 (2.46)
a0
n∑
k=0
k = a0
n(n+ 1)
2
(2.47)
a0
n∑
k=0
k2 = a0
n(n+ 1)(2n+ 1)
6
(2.48)
Trigonometric Series
n−1∑
l=1
1
sin2(pil
n
)
=
n2 − 1
3
(2.49)
The proof for the Identity has been found by Simon Laibacher in [14]. It is attached
to this thesis in the appendix.
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Numerical Findings on the
Influence of Distinguishability
In the present section the influence of the degree of distinguishability on the prob-
ability of an n-fold detection and the fidelity of the measurements is investigated
numerically. For this purpose, the tools presented in section 2.3 are applied to the
QuFTI matrix U (n) defined in eq. (2.35) using the numerical Mathematica scripts
in Appendix C.
3.1. Full Distinguishability
The probability P (T )n = perT (n) for an n-fold detection with fully indistinguisha-
bility input photons is according to to eq. (2.23) given by the permanent of the
matrix T (n) with the elements
T
(n)
j,k =
∣∣∣U (n)j,k ∣∣∣2 = ∣∣∣∣ 1− einϕn (e2ipi(j−k)/n − eiϕ)
∣∣∣∣2 = 1n2 1− cos(nϕ)1− cos(2pi j−k
n
− ϕ) , (3.1)
that are the squared absolute values of the elements of U (n) in eq. (2.35) .
This representation of the matrix is implemented in aMathematica script, provided
in the appendix C, to compute P (T )n for various numbers n of input photons. The
script uses the standard implementation of the permanent calculation provided by
Mathematica [15] and is based on a script by Alexander Müller1. The probabilities
P
(T )
n are computed for n = 2, 3, 4, 6, 8 as functions of the phase ϕ. The code
fails to generate results for the permanents of larger matrixes as well as for odd
numbers apart from n = 3 due to the high computing time for simplifications of
the permanents. The probabilities in table 3.1 are expressed as polynomials of
cos(nϕ) in the form
P (T )n (ϕ) =
1
n2n−2
n−1∑
j=0
aj(n) cos
j(nϕ). (3.2)
In this representation the coefficients aj(n) fulfil P
(T )
n (0) = 1/n2n−2
∑
aj(n) = 1
but no further dependence of aj(n) on n and j is found. A pattern in the form of
a product with whole numbers like the one observed for the fully indistinguishable
case in eq. (2.37) is at least be ruled out by a prime factorization of the coefficients.
1Institute of Quantum Physics, University of Ulm.
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Table 3.1.: Probabilities P (T )n for fully distinguishable input photons, determined
by the Mathematica code in Appendix C.
n P (T )n
2 1
4
(3 + Cos[2ϕ])
3 1
3
· 1
81
(143 + 92Cos[3ϕ] + 8Cos[3ϕ]2)
4 4
4096
(481 + 449Cos[4ϕ] + 91Cos[4ϕ]2 + 3Cos[4ϕ]3)
6 8
60466176
(2306819 + 3427228Cos[6ϕ] + 1563379Cos[6ϕ]2
+249120Cos[6ϕ]3 + 11666Cos[6ϕ]4 + 60Cos[6ϕ]5)
8 256
4398046511104
(3442375497 + 6960069125Cos[8ϕ] + 4984743781Cos[8ϕ]2
+1563917761Cos[8ϕ]3 + 216734635Cos[8ϕ]4
+11840831Cos[8ϕ]5 + 187239Cos[8ϕ]6 + 315Cos[8ϕ]7)
Figure 3.1.: Comparison between the probabilities to detect one photon per output
of the QuFTI given fully distinguishable (blue) or fully indistinguish-
able (green) input photons. Both are plotted over the phase ϕ for
n=2,3,4,6,8.
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Table 3.2.: Minima of P (T )n .
n 2 3 4 6 8
P
(T )
n ( pi2n)
1
2
59
243
15
128
12841
472392
845415
134217728
Fig. 3.1 compares the probabilities P (U)n and P (T )n as a function of the phase ϕ.
The plot shows a dip similar to the 2-photon interference in figure 2.2 for the fully
indistinguishable photon inputs such that P (U)n vanishes for ϕ = pi/n except for
the special case of n = 3.
P
(T )
n never fully vanishes, instead it exhibits minima for ϕ = pi/2n that are given
in table 3.2. Thus full destructive interference is only observed for the case of fully
indistinguishable input states with an even number of input photons.
Figure 3.2.: Comparison between the phase sensitivities ∆ϕ(T )n and ∆ϕ(U)n of the
QuFTI given fully distinguishable (blue) and fully indistinguishable
(green) input photons. The phase sensitivities are plotted over the
phase ϕ. Additionally the ratio fn (red) of ∆ϕ
(T )
n and
√
2∆ϕ
(U)
n is
plotted. For better visibility the graphs have been restricted to their
respective period.
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Figure 3.2 compares the phase sensitivities ∆ϕn(U) and ∆ϕn(T ) for indistinguish-
able and distinguishable photon inputs respectively. They are calculated from P (U)n
and P (T )n according to eq. (2.36). In the figure, ∆ϕn(U) is multiplied by a factor√
2 to make the comparison of the phase sensitivities easier. The plot additionally
shows the ratio fn =
√
2∆ϕn(U)/∆ϕn(T ) of the phase sensitivities.
The phase sensitivities are periodic functions with periods of 2pi/n, depending
on the respective values of the number n of input photons. The plot clearly
identifies the region of small phases around the periods as the regions of most
precise measurements, given that the phase sensitivities for both cases reach their
minimal value. fn approaches the value 1 here for all values of n, showing that
∆ϕn(U) and ∆ϕn(T ) only differ by a constant factor
√
2, that is independent of
n. For different values of the phase ϕ the ratio fn reaches values larger than one,
indicating that the quantum advantage of the indistinguishable photon input is
even smaller than
√
2. The exceptions are the dips of fn around ϕ = 2pi/n ·k+pi/n
with k ∈ N, where ∆ϕn(T ) shows a pole and all phase information is consequently
lost for measurements with distinguishable single photon inputs. In the case of
n = 3 both ∆ϕn(U) and ∆ϕn(T ) exhibit very similar behaviour, including the
poles at ϕ = pi/3. This indicates, that no true 3 photon interference is achieved
in the QuFTI, but only interference of photon pairs. In conclusion, the choice of
indistinguishable photon inputs does not appear to produce an advantage in terms
of precision against distinguishable photons, since the scaling is not influenced by
a constant factor.
3.2. Partial Distinguishability
Another numerical approach to the QuFTI investigates the phase sensitivity ∆ϕ(PO))n
(PO=partial overlap) of measurements given partially overlapping photonic spec-
tra of the input photons. The probability P (PO)n for this scenario is the averaged
probability given by eq. (2.20) as
P (PO)n =
∑
ρ∈ΩN
fρ(S)perA
(D,S)
ρ (3.3)
with the matrices A(D,S)ρ = U∗d,sUd,ρ(s).
The script given in appendix C is employed to calculate the P (PO)n for n = 2, 3 and
4 shown in table 3.3. Each overlap factor fρ defined by a permutation ρ ∈ Ωn from
the symmetric group Ωn is subscripted by the set {1, 2, ...n} after the application of
the permutation. From these P (PO)n the corresponding phase sensitivities ∆ϕ(PO)n
are derived according to eq. (2.36) within the small phase approximations sin(ϕ) ≈
ϕ and cos(ϕ) ≈ 1− ϕ2/2, resulting in
∆ϕ
(PO)
2 =
1√
2
(
1 + f{2,1}
)−1/2
, (3.4)
∆ϕ
(PO)
3 =
√
2
4
(
1 +
1
3
(f{1,3,2} + f{2,1,3} + f{3,2,1})
)−1/2
(3.5)
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Table 3.3.: Probabilities P (PO)n for photons with partially overlapping photonic
spectra distributions, computed by the Mathematica code in Appendix
C.
n P (PO)n
2 1
4
(3 + Cos[2ϕ])f{1,2} − 12Sin[ϕ]2f{2,1}
3 1
243
(147 + 92Cos[3ϕ] + 4Cos[6ϕ])f{1,2,3}
+ 4
243
(−6 + 5Cos[3ϕ] + Cos[6ϕ]) (f{1,3,2} + f{2,1,3} + f{3,2,1})
+ 32
243
Sin
[
3ϕ
2
]4 (
f{2,3,1} + f{3,1,2}
)
4 1805Cos[4ϕ]+182Cos[8ϕ]+3(702+Cos[12ϕ])
4096
f{1,2,3,4}
− (161+92Cos[4ϕ]+3Cos[8ϕ])Sin[2ϕ]2
1024
(
f{1,2,4,3} + f{1,3,2,4} + f{2,1,3,4} + f{4,2,3,1}
)
− (81+44Cos[4ϕ]+3Cos[8ϕ])Sin[2ϕ]2
1024
(
f{1,4,3,2} + f{3,2,1,4}
)
+Cos[ϕ]
4(13+3Cos[4ϕ])Sin[ϕ]4
16
(
f{1,3,4,2} + f{1,4,2,3} + f{2,3,1,4} + f{2,4,3,1} + f{3,1,2,4}
)
+ (13+3Cos[4ϕ])Sin[2ϕ]
4
256
(
f{2,1,4,3} + f{3,2,4,1} + f{4,1,3,2} + f{4,2,1,3}
)
+ (−11+3Cos[4ϕ])Sin[2ϕ]
4
256
(
f{2,3,4,1} + f{4,1,2,3} + f{4,3,2,1}
)
+ (1+3Cos[4ϕ])Sin[2ϕ]
4
256
(
f{2,4,1,3} + f{3,1,4,2} + f{3,4,1,2} + f{3,4,2,1} + f{4,3,1,2}
)
and
∆ϕ
(PO)
4 =
1
2
(
5 + f{1,2,4,3} + f{1,3,2,4} + f{2,1,3,4} + f{4,2,3,1}
+
1
2
(
f{1,4,3,2} + f{3,2,1,4}
))−1/2
. (3.6)
Interestingly, permutations that interchange more than two indices in the set
{1, 2, ..., n} don’t contribute to the result in the small phase approximation for
the investigated n. The difference between no overlap and full overlap therefore
comes only from the contributions of the permutations that only interchange two
elements, that we call permutations of first order.
The overlap factors are products of the normalized integrals over the spectral dis-
tributions of the input photons, as described by eq. (2.21). Accordingly, they are
all 0 for fully distinguishable input photons, in which case the only contributing
permutation is the identity. On the other hand, all fρ are equal to 1 for fully indis-
tinguishable photons and the permutations of first order contribute as well. Since
the contribution of the identity is equal to the sum of the contributions of the first
order permutations, this produces a factor
√
2 relating the cases of maximal and
minimal overlap of the photonic spectra. This coincides with the results for full
indistinguishability (full overlap) and full distinguishability (no overlap).
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4
Influence of Distinguishability in
the Small Phase Approximation
The present section introduces an analytical derivation of P (U)n and P (T )n in the
small phase approximation for arbitrary n. In accordance with the results of the
preceding chapter the resulting phase sensitivities ∆ϕ(U)n and ∆ϕ(T )n are shown to
be related by a constant factor of
√
2.
4.1. QuFTI Matrix Elements for Small Phases
To derive the QuFTI matrix U (n) for small phases, the approximation eϕ ≈ ϕ−ϕ/2
is first applied to the phase shifter matrix Φ with the elements Φj,k given in eq.
(2.32), neglecting contributions of cubic and higher order in ϕ. From eq. (2.35)
follow the matrix elements
U
(n)
j,k ≈
n∑
l=1
1
n
e
−2ijlpi
n
(
1 + i(l − 1)ϕ− (l − 1)2ϕ
2
2
)
︸ ︷︷ ︸
Φj,k
e
2ilkpi
n . (4.1)
It is helpful to distinguish between the diagonal elements
U
(n)
j,j = 1 + iϕ
n− 1
2
− (n− 1)(2n− 1)
6
ϕ2
2
(4.2)
and non-diagonal matrix elements
U
(n)
j,k =
(
iϕ+ ϕ2
) 1− e−2ipi(j−k)n
2− 2 cos(2pi(j−k)
n
)
− 1
n
n∑
l=1
l2e
−2ilpi
n
(j−k)ϕ
2
2
(4.3)
that are derived from eq. (4.2) in the appendix B.2.
4.2. Full Indistinguishability
Next, the probability P (U)n is calculated according to eq. (2.24). For this purpose
it is useful to consider how different permutations contribute to the permanent,
that is generally defined in (2.44). Using the diagonal elements in eq. (4.2) the
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identity (l = σ(l)∀l) contributes the value
n∏
l=1
U
(n)
l,l =
(
1 + iϕ
n− 1
2
− (n− 1)(2n− 1)
6
ϕ2
2
)n
≈ 1 + nn− 1
2
iϕ− n(n− 1)(2n− 1)
6
ϕ2
2
− n(n− 1)
2
(n− 1)2
4
ϕ2
= 1 + n
n− 1
2
iϕ− n(n− 1)(3n
2 − 2n+ 1)
12
ϕ2
2
. (4.4)
to perU (n).
A permutation σ of first order in the symmetric group Ωn only interchanges two
indices l1 and l2 and therefore contributes the product of the two non diagonal
matrix elements U (n)l1,l2 and U
(n)
l2,l1
with the remaining n − 2 diagonal elements to
the permanent. Neglecting terms above second order in ϕ the product of the
interchanged elements becomes
U
(n)
l1,l2
U
(n)
l2,l1
=− ϕ2 1− e
−2ipi(l1−l2)
n
2− 2 cos(2pi(l1−l2)
n
)
· 1− e
−2ipi(l2−l1)
n
2− 2 cos(2pi(l2−l1)
n
)
+O(ϕ3)
=− ϕ2 2− 2 cos(
2pi(l1−l2)
n
)
(2− 2 cos(2pi(l1−l2)
n
))2
= −ϕ
2
2
1
1− cos(2pi(l1−l2)
n
)
. (4.5)
Since U (n)l1,l2U
(n)
l2,l1
is already of second order it is sufficient to multiply it with the
constant terms of the diagonal elements, that fortunately are all equal to 1. Ac-
cordingly eq. (4.5) is already the whole contribution of the permutation.
The symmetric group Ωn contains 1/2 · n(n − 1) permutations of first order for
all possible pairs of indices from the set {1, 2, ..., n}. Their total contribution to
perU (n) is
1
2
n∑
l1=1
n∑
l2=1
l2 6=l1
U
(n)
l1,l2
U
(n)
l2,l1
= −ϕ
2
4
n∑
l1=1
n∑
l2=1
l2 6=l1
1
1− cos(2pi l2−l1
n
)
= −ϕ
2
4
n∑
l1=1
n−l1∑
l=1−l1
l 6=0
1
1− cos(2pi l
n
)
.
(4.6)
Here the factor 1/2 is multiplied because the contribution of each permutation
is counted twice in the representation with two sums. With the symmetry of
the cosine, the inner sum now contains all possible values for l from 1 to n − 1,
independent of l2. Therefore eq. (4.6) is equal to
−ϕ
2
4
n∑
l1=1
n−1∑
l2=1
1
1− cos(2pi l2
n
)
= −nϕ
2
4
n−1∑
l2=1
1
1− cos(2pi l2
n
)
= −nϕ
2
4
1
2
n−1∑
l2=1
1
sin2(pi l2
n
)
(2.49)
= −nϕ
2
4
n2 − 1
6
(4.7)
using the identity (2.49).
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The permutations of first order contribute terms at least of second order in ϕ to the
permanent. The contribution of higher order permutations with m interchanged
elements is a product of m terms in each of which the lowest order in ϕ is linear.
The lowest order in ϕ of such a permutation is therefore
(iϕ)m
2m
m∏
i=1
n
(
1− e−2ipi(li−σ(li))n
)
1− cos(2pi(li−σ(li))
n
)
, (4.8)
which can safely be neglected in the small phase approximation if m > 2. In
second order in ϕ therefore only the permutations of first order and the identity
contribute at all to the permanent, that is
perU (n) = 1 + n
n− 1
2
iϕ− n(n− 1)(3n
2 − 2n+ 1)
12
ϕ2
2
− nϕ
2
4
(n− 1)(n+ 1)
6
= 1 + n
n− 1
2
iϕ− n(n− 1)(3n
2 − n+ 2)
12
ϕ2
2
. (4.9)
The resulting probability P (U)n for an n-fold detection given fully indistinguishable
input photons is then
P (U)n = |perU (n)|2 = 1−
n(n− 1)(n+ 1)
6
ϕ2. (4.10)
This is the probability that was observed numerically in [1] as given by eq. (2.39).
4.3. Full Distinguishability
For an input of fully distinguishable photons, the probability of detecting one
photon per output mode P (T )n is given by the permanent of the matrix T (n) with
the matrix elements defined by eq. (2.23). The diagonal elements
T
(n)
j,j = |U (n)j,j |2 =
∣∣∣∣1 + iϕn− 12 − (n− 1)(2n− 1)6 ϕ22
∣∣∣∣2
≈ 1 + ϕ2 (n− 1)
2
4
− (n− 1)(2n− 1)
6
ϕ2 +O(ϕ3)
= 1− (n− 1)(n+ 1)
12
ϕ2 (4.11)
follow from eq. (4.2) and the non diagonal elements
T
(n)
j,k = |U (n)j,k |2 = −ϕ2
1− e−2ilpi(j−k)n
2− 2 cos(2lpi(j−k)
n
)
· 1− e
2ilpi(j−k)
n
2− 2 cos(2lpi(j−k)
n
)
= −ϕ
2
2
1
1− cos(2lpi(j−k)
n
)
. (4.12)
follow from eq. (4.3).
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The product of two non-diagonal elements is
T
(n)
j1,k1
T
(n)
j2,k2
=
ϕ4
4 · (1− cos(2pi j1−k1
n
)) · (1− cos(2pi j2−k2
n
))
, (4.13)
which is a term of fourth order in ϕ. It can therefore be safely deduced, that
in second order in ϕ no permutation but the identity contributes at all to the
permanent. The probability P (U)n in the small phase approximation is therefore
simply
P (T )n = perT
(n) ≈
n∏
l=1
T
(n)
l,l = (T
(n)
1,1 )
n = 1− n(n− 1)(n+ 1)
12
ϕ2. (4.14)
4.4. Partial Distinguishability
In the most general case of input photons with partially overlapping photonic
spectra, the probability P (PO)n for an n-fold detection is given by eq. (2.20). For
a given permutation ρ ∈ Ωn the matrix elements of the corresponding matrix
A
(D,S)
ρ = A
(n)
ρ follow from the elements of U (n) in eq. (4.2) and eq. (4.3). The
diagonal elements of Aρ are
A
(n)
ρ;j,j =
Tj,j = 1−
(n−1)(n+1)
12
ϕ2 if ρ(j) = j
U∗j,jUj,ρ(j) =
(
iϕ+ n+1
2
ϕ2
)
1−e−2ipi(j−ρ(j))n
2−2 cos( 2pi(j−ρ(j))
n
)
− ϕ2
2n
n∑
l=1
l2e
−2ilpi(j−ρ(j))
n if ρ(j) 6= j
(4.15)
and the non diagonal elements are
A
(n)
ρ;j,k =

Tj,k = −ϕ24 11−cos( 2lpi(j−k)
n
)
if ρ(k) = k
U∗j,kUj,j =
(−iϕ+ n+1
2
ϕ2
)
1−e 2ipi(j−k)n
2−2 cos( 2pi(j−k)
n
)
− ϕ2
2n
n∑
l=1
l2e
−2ilpi(j−k)
n if ρ(k) = j
U∗j,kUj,ρ(k) = ϕ
2 1−e
2ipi(j−k)
n
2−2 cos( 2pi(j−k)
n
)
· 1−e
−2ipi(j−ρ(k))
n
2−2 cos( 2pi(j−ρ(k))
n
)
if ρ(k) 6= j, k.
(4.16)
Considering that only diagonal elements that fulfil ρ(l) = l contain constant terms,
the permanent of a matrix A(n)ρ for a given ρ that interchanges m indices would
be at least of the order m. Therefore only A(n)ρ defined by permutations ρ of first
order or the identity contribute to the probability P (PO)n if terms of order ϕ3 and
higher are neglected. The contribution of the identity is simply the permanent of
T (n) in eq. (4.14).
If ρ is a permutation of first order, it is again useful to consider the contributions
of different permutations σ in calculating perA(n)ρ . Firstly, the contribution of the
identity is given by the product of all diagonal elements. The product of the two
20
4.4. Partial Distinguishability
elements interchanged by ρ is
A
(n)
ρ;l1,l1
A
(n)
ρ;l2,l2
=− ϕ2 1− e
−2ipi(l1−ρ(l1))
n
2− 2 cos(2pi(l1−ρ(l1))
n
)
1− e−2ipi(l2−ρ(l2))n
2− 2 cos(2pi(l2−ρ(l2))
n
)
=− ϕ2 1− e
−2ipi(l1−l2)
n
2− 2 cos(2pi(l1−l2)
n
)
1− e−2ipi(l2−l1)n
2− 2 cos(2pi(l2−l1)
n
)
=− ϕ2 1
2− 2 cos(2pi(l1−l2)
n
)
(4.17)
which is equal to (4.5). As this term is already of second order in ϕ, it is sufficient
to multiply it with the constant terms of the remaining diagonal elements. Since
these are all equal to 1 the product of the two elements eq. (4.17) is already the
total contribution of the identity.
The contribution of an arbitrary permutation σ of first order similarly follows from
the product of the two interchanged non-diagonal elements
A
(n)
ρ;l1,σ(l1)
A
(n)
ρ;l2,σ(l2)
= U∗l1,σ(l1)Ul1,ρ(σ(l1)) · U∗l2,σ(l2)Ul2,ρ(σ(l2))
= U∗l1,l2Ul1,ρ(l2) · U∗l2,l1Ul2,ρ(l1). (4.18)
According to eq. (4.16) the product yields terms of order ϕ3 and higher except if
ρ(l2) = l1 and ρ(l1) = l2. In this case σ and ρ describe the same permutation and
eq. (4.18) becomes equal to eq. (4.17) and the same term is contributed twice to
the permanent. Thus, perA(n)ρ is
perA(n)ρ ≈ −ϕ2
1
1− cos(2pi(l1−l2)
n
)
, (4.19)
if ρ is a permutation of first order.
Consequently, P (PO)n is
P (PO)n = 1−
n(n− 1)(n+ 1)
12
ϕ2 − ϕ
2
2
n∑
l1=1
n∑
l2=1
l2 6=l1
f{l1,l2}
1− cos(2pi(l1−l2)
n
)
= 1− n(n− 1)(n+ 1)
12
ϕ2 − ϕ
2
4
n∑
l1=1
n∑
l2=1
l2 6=l1
f{l1,l2}
sin2(pi(l1−l2)
n
)
(4.20)
where each permutation ρ = {l1, l2} of first order is denoted by the two indices it
interchanges. The sum contains all n(n − 1)/2 permutations of first order twice
and is therefore multiplied by a factor 1/2.
If all overlap factors fρ are zero for an input of fully distinguishable single photons
the sum vanishes and the result matches eq. 4.14. If on the other hand all fρ are
1 which corresponds to the fully distinguishable case, the sum yields the result in
eq. (4.10). Thus, the results for the partially distinguishable photon input match
those of the two extreme cases of overlap.
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4.5. Resulting Phase Sensitivities
Finally the phase sensitivities are derived from the respective probabilities of all
examined cases of photon overlap. Equations (4.10) and (4.14) relate the proba-
bilities for fully distinguishable and a fully indistinguishable photon input via
P (U)n = 1− k(n)ϕ2 (4.21)
and
P (T )n = 1−
1
2
k(n)ϕ2. (4.22)
with k(n) = n(n− 1)(n+ 1)/6. The phase sensitivity ∆ϕ(U)n that is derived from
the full photon overlap is recalled from eq. (2.40). Using eq. (4.22) ∆ϕ(T )n is
∆ϕ(T )n =
√
P (T ) − (P (T ))2∣∣∣∂P (T )∂ϕ ∣∣∣ =
√
1− 1
2
k(n)ϕ2 − 1 + k(n)ϕ2
k(n) |ϕ| =
1√
2
√
k(n)
. (4.23)
The phase sensitivities for both cases are therefore related as
∆ϕ(T )n =
√
2∆ϕ(U)n (4.24)
for small phases ϕ. With eq. (4.20) the phase sensitivity ∆ϕ(PO)n for the partially
distinguishable photons is
∆ϕ(PO)n =
√
P (PO) − (P (PO))2∣∣∣∂P (PO)∂ϕ ∣∣∣ =
1√
2
k(n)− 12
n∑
l1=1
n∑
l2=1
l2 6=l1
f{l1,l2}
sin2(pi(l1−l2)
n
)

− 1
2
.
(4.25)
In conclusion the analytical investigation on the influence of distinguishability on
the QuFTI provides an analytical derivation of the pattern for P (U)n observed in [1].
Most importantly, the interferometric phase sensitivities for fully indistinguishable
and fully distinguishable input photons are proven to be equal apart from a con-
stant factor
√
2, independent of the number n of input photons. Surprisingly, this
constant factor represents the only enhancement in phase sensitivity arising from
the occurrence of multi photon interference and entanglement generation in the
QuFTI.
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Conclusions
This work investigates how the quantum Fourier transform interferometer (QuFTI)
is influenced by different degrees of indistinguishability of the n input photons.
The results of the numerical approach in section 3 indicate, that a lower degree
of distinguishability does not necessarily correspond to a lower precision of the
measurement. It is recalled from figure 3.2, which compares the phase sensitivity
for fully distinguishable and fully indistinguishable photons, that the opposite can
even be the case for certain values of the phase. Furthermore, for small phase
values the interferometric phase sensitivities are demonstrated analytically to be
equal apart from a constant factor
√
2 for an arbitrary number n of input photons.
In conclusion, this constant factor
√
2 represents the only enhancement in phase
sensitivity that can be obtained by exploiting multi-photon quantum interference
and entanglement generation in the QuFTI with respect to the "classical" case
of photons completely distinguishable at the detectors. A consequence of this
important result is, that the resource counting procedure in [1] can not be correct
and shot-noise limit can only be beaten for a small number of single photons.
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A
Trigonometric Series
Firstly consider the spread polynomials Sm(x) that are defined using the Cheby-
shev polynomials [13, p. 951f] Tm(x) as
Sm(x) =
1− Tm(1− 2x)
2
. (A.1)
The Tm(x) fulfil the property Tm(cos(x)) = cos(mx), therefore the polynomials Sm
must satisfy
Sm(sin
2(x)) =
1− Tm(1− 2 sin2(x))
2
=
1− Tm(cos(2x))
2
=
1− cos(2mx)
2
=
2 sin2(mx)
2
= sin2(mx). (A.2)
Therefore it follows
Sm+1(sin
2(x)) + Sm−1(sin2(x)) = sin2(mx+ x) + sin2(mx− x)
= (sin(mx) cos(x) + cos(mx) sin(x))2
+ (sin(mx) cos(x)− cos(mx) sin(x))2
= 2 sin2(mx) cos2(x) + 2 cos2(mx) sin2(x)
= 2(1− sin2(x))Sm(sin2(x)) + 2 sin(x)(1− Sm(sin2(x))) (A.3)
which yields
Sm+1(x) = 2(1− 2x)Sm(x)− Sm−1(x) + 2x. (A.4)
Now because of the relation
Sm(sin
2(
kpi
m
)) = sin2(m
kpi
m
) = 0 for k ∈ {0, 1, ..., n− 1} (A.5)
the sin2(kpi
m
) with k ∈ {0, 1, 2, ..., n − 1} are roots of the polynomial Sm. Further
set Sm(x) = xPm(x) with Pm(x) = am + xbm + x2Q(x) such that sin2(kpim ) with
k ∈ {1, 2, ..., n− 1} are the polynomial roots of Pm(x) and eq. (A.4) becomes
Pm+1(x) = 2(1− 2x)Pm(x)− Pm−1(x) + 2. (A.6)
Now by calculating the common denominator and using Vieta’s Formula [13, p.
44] the sum can be transferred via
n−1∑
l=1
1
sin2(pil
n
)
=
n−1∑
l=1
∏
k 6=l
sin2(pil
n
)
n−1∏
k=1
sin2(pil
n
)
=
sn−2
sn−1
= − bm
am
. (A.7)
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Now it is finally shown by induction that
am = m
2 and bm = −m
2(m2 − 1)
3
. (A.8)
1. For m = 0 it follows with the property T0(x) = 1 [13, p. 951f]
P0(x) =
1
x
S0(x) =
1
x
1− T0(1− 2x)
2
= 0. (A.9)
2. With T1(x) = x the case m = 1 yields
P1(x) =
1
x
S1(x) = x
1− 1 + 2x
2
= 1. (A.10)
3. Now assume that the proposition is true for one m and m− 1, then it follows
according to eq. (A.6) that
Pm+1(x) = 2(1− 2x)Pm(x)− Pm−1(x) + 2
= 2(1− 2x) (am + bmx+ x2Qm(x))
− (am−1 + bm−1x+ x2Qm−1(x))+ 2
= (2 + 2am − am−1) + x(2bm − 4am − bm−1)
+ x2(4bm +Q(x)m −Q(x)m−1). (A.11)
From which it can be identified that
am+1 = 2 + 2am − am−1 = 2 + 2m2 − (m− 1)2
= 2 + 2m2 −m2 + 2m− 1 = m2 + 2m+ 1 = (m+ 1)2 (A.12)
and
bm+1 = 2bm − 4am − bm−1 = −2m
2(m2 − 1)
3
− 4m2 + (m− 1)
2((m− 1)2 − 1)
3
= −2m
4 − 2m2 + 12m2 − (m2 − 2m+ 1)(m2 − 2m)
3
= −m
4 + 4m3 + 5m2 + 2m
3
= −(m+ 1)
2((m+ 1)2 − 1)
3
. (A.13)
Such that finally the sum (A.7) can be written as
n−1∑
l=1
1
sin2(pil
n
)
=
m2(m2 − 1)
3m2
=
m2 − 1
3
. (A.14)
25
B
Calculations
B.1. P (U)n in the small angle approximation
The probability P (U)n becomes in the small angle approximation
P (U)n =
1
n2n−2
n−1∏
j=1
[an(j) cos(nϕ) + bn(j)] ≈ 1
n2n−2
n−1∏
j=1
[
an(j)(1− n
2
2
ϕ2) + bn(j)
]
=
1
n2n−2
n−1∏
j=1
[
n2 − n2an(j)
2
ϕ2
]
=
n−1∏
j=1
[
1− (nj − j2)ϕ2]
=1− ϕ2
n−1∑
j=1
[
nj − j2]+O(ϕ4) (2.47)= 1− ϕ2n2(n− 1)
2
+ ϕ2
n−1∑
j=1
j2
(2.48)
= 1− ϕ2
(
n
n(n− 1)
2
− n(n− 1)(2n− 1)
6
)
= 1− ϕ2n(n− 1)(n+ 1)
6
(B.1)
using the identities (2.47) and (2.48).
B.2. Elements of U (n) in the small angle
approximation
The diagonal elements of the matrix U(n) in the small angle approximation follow
from eq. (4.1) as
U
(n)
j,j =
n∑
l=1
1
n
e
−2ijlpi
n
(
1 + i(l − 1)ϕ− (l − 1)2ϕ
2
2
)
e
2ilkpi
n
=
n∑
l=1
1
n
(
1 + i(l − 1)ϕ− (l − 1)2ϕ
2
2
)
=
n∑
l=1
1
n
(
1− iϕ− ϕ
2
2
)
+
n∑
l=1
l
n
(
iϕ+ ϕ2
)− n∑
l=1
l2
n
ϕ2
2
(2.47)
= 1− iϕ− ϕ
2
2
+
n+ 1
2
(
iϕ+ ϕ2
)− n∑
l=1
l2
n
ϕ2
2
(2.48)
= 1− iϕ− ϕ
2
2
+
n+ 1
2
(
iϕ+ ϕ2
)− (n+ 1)(2n+ 1)
6
ϕ2
2
= 1 + iϕ
n− 1
2
− (n− 1)(2n− 1)
6
ϕ2
2
(B.2)
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B.2. Elements of U (n) in the small angle approximation
using the identities (2.47) and (2.48). The non-diagonal elements follow again from
eq. (4.1) as
U
(n)
j,k =
n∑
l=1
Vj,lΦl,lV
†
l,k
1
n
e
−2ijlpi
n
(
1 + i(l − 1)ϕ− (l − 1)2ϕ
2
2
)
e
2ilkpi
n
=
1
n
n∑
l=1
e
−2ilpi
n
(j−k)
(
1 + i(l − 1)ϕ− (l − 1)2ϕ
2
2
)
=
1
n
n∑
l=1
e
−2ilpi
n
(j−k)
(
1− iϕ− ϕ
2
2
)
+
1
n
n∑
l=1
le
−2ilpi
n
(j−k) (iϕ+ ϕ2)
− 1
n
n∑
l=1
l2e
−2ilpi
n
(j−k)ϕ
2
2
. (B.3)
Here the first sum can be calculated with the geometric series (2.45). It then yields
n∑
l=1
e
−2ilpi
n
(j−k) =
n−1∑
l=0
(
e
−2ipi
n
(j−k)
)l (2.45)
=
1−
(
e
−2ipi
n
(j−k)
)n
1− e−2ipin (j−k)
=
1− e−2ipi(j−k)
1− e−2ipin (j−k)
. (B.4)
The index shift was possible, because the nth element is equal to the 0th. Further-
more, as j − k must be a whole number, the term e−2ipin (j−k) on the far right side
will become equal to 1 and therefore the whole sum vanishes. The second sum can
be simplified as well using the identity (2.46). It then yields
n∑
l=1
le
−2ilpi
n
(j−k) =
n∑
l=0
l
(
e
−2ipi
n
(j−k)
)l
(2.46)
=
ne
−2ipi(j−k)
n
(n+2) − (n+ 1)e−2ipi(j−k)n (n+1) + e−2ipi(j−k)n(
1− e−2ipi(j−k)n
)2
=
−ne−2ipi(j−k)n
1− e−2ipi(j−k)n
=
−ne−2ipi(j−k)n
(
1− e 2ipi(j−k)n
)
2− 2 cos(2pi(j−k)
n
)
=
n
(
1− e−2ipi(j−k)n
)
2− 2 cos(2pi(j−k)
n
)
. (B.5)
Equation (B.3) becomes accordingly
U
(n)
j,k =
(
iϕ+ ϕ2
) 1− e−2ipi(j−k)n
2− 2 cos(2pi(j−k)
n
)
− 1
n
n∑
l=1
l2e
−2ilpi
n
(j−k)ϕ
2
2
. (B.6)
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C
Mathematica Codes
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Probability for no photon overlap
In[105]:= A = SessionTime@D;
Permanent@m_ListD :=
With@8v = Array@x, Length@mDD<, Coefficient@Times  Hm.vL, Times  vDD
perm@U_D := FullSimplify@Permanent@UD, Assumptions ® j Î RealsD
Unitary@n_D := TableB
1
n2
1 - Cos@n jD
1 - CosB2 Π j-k
n
- jF
, 8j, 1, n<, 8k, 1, n<F;
Motes@n_D := 1
n2 n-2
ä
j=1
n-1 I2 j * Hn - jL Cos@n jD + n2 - 2 * n * j + 2 * j2M;
m = 82, 4<; H* Sizes of the Matrices to be evaluated *L
t = Table@8n@@iDD, perm@Unitary@m@@iDDDD, Motes@n@@iDDD<, 8i, 1, 2<D;
T = Prepend@t, 8Style@"N", Bold, BlueD,
Style@"No Overlap", Bold, BlueD, Style@"Full Overlap", Bold, BlueD<D;
Grid@T, ItemSize ® Automatic, Frame ® All,
Background ® 8None, 8GrayLevel@0.7`D, 8White<<<,
Dividers ® 8Black, 82 ® Black<<, Frame ® True, Spacings ® 82, 82, 80.7`<, 2<<D
B = SessionTime@D;
B - A
Out[113]=
N No Overlap Full Overlap
2 1
4
H3 + Cos@2 jDL 1
4
H2 + 2 Cos@2 jDL
4 1805 Cos@4 jD+182 Cos@8 jD+3 H702+Cos@12 jDL
4096
H10+6 Cos@4 jDL2 H8+8 Cos@4 jDL
4096
Out[115]= 0.006735
Probability for partial Overlap
Permanent@m_ListD :=
With@8v = Array@x, Length@mDD<, Coefficient@Times  Hm.vL, Times  vDD
perm@U_D := FullSimplify@ComplexExpand@Permanent@UDDD;
m = 4;
T = Table@s + d, 8d, 1, m<, 8s, 1, 2<D;
T@@1, 1DD = Style@"N", Bold, BlueD;
T@@1, 2DD = Style@"Probability", Bold, BlueD;
ForBi = 2, i < m + 1, i++,
n = i;
U = TableB
1 - ãä n j
n Iã2 Π ä Hs-dLn - ãä jM
, 8s, 1, n<, 8d, 1, n<F;
S = SymmetricGroup@nD  GroupElements;
l = Table@s, 8s, 1, n<D;
Ρ@k_D := Permute@l, S@@kDDD;
A@Ρ_D := Table@FullSimplify@
ComplexExpand@Conjugate@U@@d, sDDD * U@@d, Ρ@@sDDDDD
D, 8s, 1, n<, 8d, 1, n<D;
P = Sum@Subscript@f, Ρ@iDD * perm@A@Ρ@iDDD, 8i, 1, Length@SD<D;
T@@i, 1 DD = i;
T@@i, 2 DD = P;
F
Grid@T, ItemSize ® Automatic, Frame ® AllD
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